GENERIC TWISTED T-ADIC EXPONENTIAL SUMS OF 

BINOMIALS 



CHUNLEI LIU AND CHUANZE NIU 



Abstract. The twisted T-adic exponential sum associated to x d + \x 
is studied. If A 7^ 0, then an explicit arithmetic polygon is proved to be 
the Newton polygon of the twisted C-function of the T-adic exponential 
sum. It gives the Newton polygons of the L- functions of twisted p-power 
order exponential sums. 



1. Introduction to twisted exponential sums 

Let W be a Witt ring scheme of Witt vectors, ¥ q the field of characteristic 
p with q elements, 7L q = W(¥ q ), and Q q = 

Let A D {0} be an integral convex polytope in M n , and I the set of 
vertices of A different from the origin. Let 

f(x) = £ (a v x v , 0, 0, • • • ) 6 W(¥ q [xf\ • • • , x* 1 ]) with JJ a* + 0, 

where x v = a^ 1 ■ ■ ■ x^ 1 if v = • • • , v n ) 6 Z n . 

Let T be a variable. Let \i q -\ be the group of q — 1-th roots of unity in 7L q 
and x = UJ ~ U with u £ ^ n /(q — 1) a fixed multiplicative character of (F* ) n 
into fJ, q -i, where uo : x — > x is the Teichmiiller character. 

Definition 1.1. The sum 

S f , u (k,T)= x(Norm Fgfc/Ka (z))(l + r) Tr V^ (/(a)) e Z q [[T}] 

is called a twisted T-adic exponential sum. And the function 

L /iU ( S ,T) = exp(^5 /iU (fc,T)-) e I + sZ q [[T]][[s}} 

k=l 

is called an L-function of a twisted T-adic exponential sum. 
Definition 1.2. The function 

00 f~ 
C f , u (s,T) = exp£>(<Z fe - lr'Sf^T) 8 -), 

k=l 

is called a C-function of a twisted T-adic exponential sums. 
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The L-function and C-function determine each other : 
L / ,„( S ,T) = nC /itt ( g « Sl T)(- 1 )"-' +1 (I), 

i=0 

and 

oo 

C f , u (s,T) = HL / , a (^,T) ( - 1) ""("T 1 ). 

j=0 

By the last identity, one sees that 

C f)U (s,T)el + sZ q [[T]][[s}}. 

The T-adic exponential sums were first introduced by Liu- Wan [9]. We 
view Lf jU (s,T) and C/ )U (s,T) as power series in the single variable s with 
coefficients in the T-adic complete field Q g ((T)). The C-function Cy jU (s,T) 
was shown to be T-adic entire in s by Liu- Wan [9] for u = and Liu [6] for 
all u. 

Let ( p m be a primitive p m -th root of unity, and 7r m = Q p ™ — 1. Then 
Lf, u {s, vr m ) is the L-function of thep-power order exponential sums Sf^ u (k, 7r. m ) 
studied by Adolphson-Sperber [1-4] for m = 1, by Liu- Wei [8] and Liu [6] 
for m > 1. 

Let C(A) be the cone generated by A. There is a degree function deg 
on C(A) which is IR>o-linear and takes values 1 on each co-dimension 1 
face not containing 0. For a C(A), we define deg(a) = +oo. Write 
C U (A) = (7(A) n (u + {q - l)Z n ) and M U (A) = ^CJA). Let b be the 
least positive integer such that p b u = u{ mod q — 1). Order elements of 
Uto ^W A ) so that de g(^i) < deg(x 2 ) < • • • . 

Definition 1.3. The infinite u-twisted Hodge polygon H^ u of A is the con- 
vex function on [0, +oo] with initial point which is linear between consec- 
utive integers and whose slopes are 

deg(x bi +i) +deg(xM+2) H h deg(x fe(i+1) ) . 

7 — = °> I)" - • 

o 

Write NP for the short of Newton polygon. Liu [7] proved the following 
Hodge bound for the C-function Cj jU (s,T). 

Theorem 1.4. We have 

T - adic NP ofC f , u (s,T) > ord p (q)(p - 1)H% U . 

In the rest of this paper, f(x) = (x d , 0, 0, • • • ) + (Ax, 0, 0, • • • ) G W(F q [x]) 
where A £ F* and A = [0,d]. We fix < u < g - 1. We shall study the 
twisted exponential sum of /(x). 

Let a = log p q. Write u = uq + u\p + • • • + n a _ip a_1 with < Ui < p — 1. 
Then we have 

u 

= -(Uq + Uip H ), Ui = u b+i . 
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Write p l u = qi(q — 1) + S{ for % G N with < Sj < q — 1, then s a _; = 
+ Mi+ip H V u a+ i_ip a_1 for < I < a - 1 and Sj = s& + j. 

Lemma 1.5. T/ie infinite u-twisted Hodge polygon H^ d ^ u is the convex 
function on [0, +oo] with initial point which is linear between consecutive 
integers and whose slopes are 

up + ui H h j 7_ni 

M(p-1) + d) <-u,V". 

Proof. Observe that + I with 0<i<6— lis just a permutation of 
x w+1 , x b i+2 ,-■•■> x b(l+l) ■ Tne lemma follows. □ 

Definition 1.6. The arithmetic polygon P{i iC i},u ^ s the convex function on 
N which is linear between consecutive integers with initial point and whose 
slopes are 

b-l 

(p - l)n + I J2 u i 1 b-l 

i=0 

where {•} is i/ie fractional part of a real number. 

The main results of this paper are the following. 
Theorem 1.7. We have 

P{i,d},u>(p-m^ u - 

Moreover, they coincide at the point d. 

Theorem 1.8. Let f{x) = (x d , 0, 0, • • • ) + (Ax, 0, 0, ■ • • ), p > 2(d - l) 2 + 1. 

Then 

T - adic NP ofC f>u (s,T) = ordp(q)P {14}tU . 

Theorem 1.9. Let f(x) = (x d , 0, 0, • • • ) + (Ax, 0, 0, ■ • • ), p > 2(d - l) 2 + 1, 
and m > 1. Then 

7r m - adic NP of Cf )U (s,TT m ) = ord p (q)P{ 14 ^ u . 

Theorem 1.10. Let f{x) = (x d , 0, 0, • • • ) + (Xx, 0, 0, • • • ), p > 2(d-l) 2 + l, 
and m > 1. Then 

ir m - adic NP of Lf >u (s, ir m ) = ord p {q)P {lt( p i)U on [0,p m_1 d]. 

The g-adic Newton polygon of Lffl(s, ir m ) with m = 1 was considered by 
Roger Yang [11] and Zhu [15]. In the first paper, the author got all slopes 
of the Newton polygon for p = — 1( mod d) and the first slope for all p. In 
Zhu's paper, she pointed that if A ^ 0, the Newton polygon are all generic, 
and the Newton polygon goes to Hodge as p goes to infinity, hence proved 
Wan's conjecture [14] for this certain case. S. Sperber [13] also studied the 
Newton polygon of Lffi(s,ir m ) when / is of degree 3 and m = 1. 
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2. Twisted T-adic Dwork's trace formula 

In this section we review the twisted T-adic analogy of Dwork's theory 
on exponential sums. 

OO i oo 

Let E(x) = exp(^ = Y ^nX n be the Artin-Hasse series. Define a 

j=0 P n=0 

new T-adic uniformizer tt of the T-adic local ring Q P [[T]] by the formula 
T(vr) = 1 + T. 

Recall C u = C u ([0,d]) = {v £ N|u = u( mod q - 1)}. Write 

L u = { Ktt^x^ : b v € Z q [[ir^}]} 

veCu 

and 

B u = {^2 b v TT^rT) x i=^ : b v e Z q [[ir' 3 <4 =T )]\;oTd 7 rb v —> oo,v —> oo}. 

VGCu 

Define i\) p : L u — > L p ~i u by -i/>p( Y b v x v ) = Y bpv% v ■ Then the map 

oo 

ipp o Ef sends L u to B p -i u , where Ef(x) = E(-7rx d )E(ir\x) = Y lnX n '. 

i 

The Galois group Ga^Q^/Qp) can act on B u by fixing tt^i- 1 ) and x. 
Let a € Gal(Q f/ /Q p ) be the Frobenius element such that o(Q) = ( p if ( is 
a (q — l)-th root of unity. The operator ^ = a -1 o ^ p o Ej(x) sends -B u 

6-1 

to B p -i u , hence ^ operators on B = ® -B p i u - We call it Dwork's T-adic 

i=Q 

i 

semi-linear operator because it is semi-linear over Z g [[7r d (9- 1 )]]. 

We have <5 a = ^ p o J]"=o E f ( xP< ) ■ Xt follows that f a operates on £ u 
i 

and is linear over Zp[[7r d (9 _1 >]]. Moreover, one can show that ^ is completely 

i 

continuous in sense ofSerre [12], so det(l — ^ a s\B u /Z q [[Tr d< -i- 1 '> ]]) and det(l — 

Ws\B/Z p [[Tr'%*= T >]]) are well defined. 

Now we state the twisted T-adic Dwork's trace formula [6]. 

Theorem 2.1. We have 

C lu (s,T) = det(l - ¥° S |£ u /Z g [[7r3GFiJ]]). 

3. The twisted Dwork semi-linear operator 
In this section, we study the twisted Dwork semi- linear operator \&. 

oo 

Recall that * = er -1 oij)poEf, E f (x) = E(TTX d )E(irXx) = Y lnX n , where 

n=0 

di+j=n;i,j>0 
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We see B = © i=1 B p i u has a basis represented by {xi- 1 }i<i<b, jeN over 
Z g [[7r^^]]. We have 

oo oo 



z=o 



1=0 



For 1 < k, i < b and l,j G N, define 



H^T+^i^r+j) | 0, otherwise. 
Let £i, ■ ■ ■ , £ a be a normal basis of Q g over Q p and write 

a 

w=l 

It is easy to see 7^ j^_ + ^ v 3 ^ = for any w and u if fe ^ i — 1. Define 

the i-th submatrix by 

= (l {w ^ + i ){v ^ +j) )l<w,v<a;l,jeN, 

1 

then the matrix of the operator f on B over 7j p [[ir d (i- 1 '> ]] with respect to 
the basis {^ v xi-i J }i<j<fe i i<„< a; j e N 



is 



/ rW •■■ \ 
r( 2 ) •■■ 



••• r( 6_1 ) 
V • ■ ■ / 

Hence by a result of Li and Zhu [5] , we have 

00 

det(l - $s\B/Z p [[tt^)]]) = det(l - Ts) = ^{-l^C^ , 

n=0 

with C n = det(A) where A runs over all principle n x n submatrix of T. 

For every principle submatrix A of T, write A^ = A n as the sub- 
matrix of rW . For a principle 6n x bn submatrix A of V, by linear algebra, 
if one of A^> is not nxn submatrix of then at least one row or column 
of A are since A is principle. 

Let A n be the set of all bn x bn principle submatrix A of T with A^> all 
n x n submatrix of rw for each 1 < i < 6. Then we have 

b 

C bn = X det(A)= X (-ir 2(6-1) II det ( A(i) )- 
Let 0(7r a ) denotes any element of 7r-adic order > a. 
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Lemma 3.1. We have 

ln = n^+^X^X^jX^ + 0(^+ d ^ +1 ). 

Proof. This follows from the fact that i + j > [§] + d{^} if di + j = n. □ 
Corollary 3.2. For any 1 < i < b and 1 < w, u < a, we have 

Proof. By 

a 

10 = 1 

this follows from last lemma. □ 



Theorem 3.3. Let R4 be a finite subset of {1,2,- •• , a} x (-^j + N) of 

cardinality an for each 1 < i < b, r a permutation of\J b i=1 Ri. If p > 
2(d - l) 2 + 1, then 

Y^„ P<MO + U b-i - ^(r(Z))(T(0) 1 j ( PM 1 ) +U b -i - 4>i{r{l)){r{l)) 

2^2^ {[ d l + d{ d )j 

b 

> abP {hd}>u (n) + HI e W.(0 > n - 1}, 

8=1 

where = iifl£Ri and (pi is the projection {1, 2, • • • , a} x (^- + N) — » N 
such that 

+ *)) = *■ 

q - 1 

Proof. We have 

V^,r?*MO ~ fcr(l))( T (')), , f P<f>i( l ) + u b-i ~ 4>iMi)){r{l)) 

z^zJt j ] + j » 

i=i ieiii 

i=l iGi?i ^ 8=1 ieRi ^ ^ 



+c-i)££i { 



8=1*6^ d 11 d 1 

Observe that JJ{/ € #i|<fo(Z) > n - 1} = )J{Z £ Ri\(f>i(l) < n - 1}, we have 

E (P~ +^fe-8 
d 

= ( + + ^ (p -1)&(Z) 

«e</> _1 (A„) leRi,<l>i{l)>n-l <j>i(l)<n-l,l#Ri ^ 
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. (P- l)Z+«6-t . P- lar, _ D |, ,, W ia 

> a 2^ w ' ^ #i|<M0 > n - !}■ 



d d 

Similarly, dividing the sum into three disjoint parts as above, we have 

Ef P<t>i(l) +U b _j _ , <fc(Z) , 
1 d 1 1 d 1 

/si?., 

> - {]}) - G >»"!}• 

1=0 

The theorem follows from p > 2(d — l) 2 + 1. □ 
Theorem 3.4. If p > 2(d — l) 2 + 1, then we have 

ord^tCabn) > abP{ lid y >u (n). 

In particular, 

b 

C abn = ±NoTm([[det(( lpl . j+Ub _ i ) l j eAn )) + (ir abP ^ {n)+ ^), 

i=l 

l l 

where Norm is the norm map from Qq(7r d (9-i) ) to Q p (ir ^i- 1 ) ). 

Proof. Let A € A an , Ri the set of rows of Ay) as the submatrix of r a 
permutation of [L Ri . By the above corollary and Theorem 13.31 we have 

a (n \ ^ ^ \^ r P<t>i(l) + v-b-i ~ <l>i{T(i))(T(l)) 
ord n (C abn ) >2_^l^ \ 2 ' abP {^}A n )- 

i=l leRi 

Moreover the strict inequality holds if there exist 1 < i < b such that 
Ri 4>J l {A n )i hence 
b 

C abn = n det (7 (ll)l ^ +0 ( w ,^ +i ))l<«,«<«iU6>*„ + 0(7T abP ^ {n)+ ^). 
i=l 

Therefore the theorem follows from the following. □ 
Lemma 3.5. For finite subset A C N, we have 

det((7 f s=i j^ +j) )i<w,v<a;ijeA) = ±Nonn(det(7 f fi-i +J j^ +j) )i,jeA)), 

V ' q—l '\ ' q— 1 J/ V q — 1 ' g— 1 J 

1 1 

where Norm is the norm map from Qq^n^i- 1 ^ ) to Q p (7r d ('?- 1 ) ). 



Proo/. Let V = ©je^Q^^ 9-1 ' )&, be a vector space over Q q (ir d ^-^ ), and 
let -F be the linear operator on V whose matrix with respect to the basis 
{ej} is (7, 8,-1 . _£i_ , -OijeA) an d let a act on V coordinate-wise. It is easy 

\ q — \ ' ' q — 1 ^ ' 

to see that h, w n-i ^, V) n , ^)-\<w : v<a-i : jpA is the matrix of a" 1 o F over 

1 9 
Qp(7r d ('J-i) ) with respect to the basis {Cu^j}i<u<a;leA- Therefore 

det((7 (Wi £ 2e i +/)( , ;j ^_ +i) )i< u , il) <a;Z,jeyi) = det(cj _1 o F) 
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i 



= ±det(F | Qj^tt 3 ^ 1 ))) = ±Norm(det(F)). 
The lemma is proved. □ 

4. Hasse polynomial 
In this section, 1 < n < d— 1. We shall study det((7 p /_ :(+n6 _ i )o<z,j<n-i))- 
Definition 4.1. For any 1 < n < d — 1 and 1 < i < b, we define 

S n ,i = {r € 5„|r(0 < d{ pl+ j"- i }}, 

H n,'u(y)= 2^ S ff n ( r ) | | A A ^.j-rd) j| 1 d 

The u-twisted Hasse polynomial H n ^ u (y) of {l,d} at n is defined by 

b 

H n ,u(y) = U H nUy)( mod p)- 

i=l 

d-l 

The u-twisted Hasse polynomial H u (y) of {1, d} is defined by H u = Y\ Hn,u- 

n=l 

Lemma 4.2. We have 



j d{ p "7~' }-t(Q 



Proof. The lemma follows from 



i=o 1=0 



for any r G S n j. □ 
Theorem 4.3. For 1 < n < d — 1 and p > 2(d — l) 2 + 1, we have 

C abn = ±Norm(H ritU (k))Tt abP (^^ + 0{^ abP{1 ^^ n)+ ^)). 
Proof. We have 

71-1 

det(7pi_ j+Ui _ i ) <ij<n-i = X] s S n ( r ) Yl^pl-r^+ub-i- 

reS n 1=0 

For any r S 5 n , we have 

, ^> + ub-j - t(Z) pZ + ut-i - r(Z) 
2^ord ff 7 p{+Ui _._ T(I) > 2^ ^ + (d - 1){ ^ } 

/=o 1=0 
n—l i -i \ i n—l 



2 + (d - 1) } - ^ } + 



z=o z=o 
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> E {p ~ 1)l d +Ub - + ( d - 1) Ea^^i} - {^», 

with the equalities holding if and only if r € S n i. The lemma follows. □ 
Theorem 4.4. T/ie Hasse polynomial H u is nonzero. 

Proof. By Lemma 14.21 we see H n l ^ u is a monomial, so is H u . It suffices to 
show for any 1 < i < b and 1 < n < d, the coefficients of H n ' u 



n-1 

fnl = E SgI1 ( T ) II A f p ' + ^-' l A i[ P ' + 7-' j r(Q G Z P 



T£S n ,i 1=0 

Write u n ,, = nr^t^ 1 ]!^ 1 ^ 1 })! G ^ and a z = d{^±^}, it suf- 
fices to show u n ^f n % G Z*. 

n-1 

«n.i/S = E s S n ( r ) Y[ni(ai -!)■■■ (m - r(l) + 1) 

T£S n ,i 1=0 

n-1 

= s S n ( r ) Hai( ai -1)--- {a L - t(1) + 1) = detM, 



where 



M 



( 1 ao «o( Q o — 1) ••• cto • • • (<^o — n + 2) \ 
1 a\ a\{a\ — 1) ••• cti • • • (ol\ — n + 2) 



\1 a n _i a n _i(Q n _i - 1) ••• a n _i • • • (a n _i - n + 2) / 
It is easy to see that M is equivalent to a Vandermonde matrix. So 

= det M = 11 ( ai — ay) G Z p x , 

0</<j'<n-l 

the theorem is proved. □ 
Theorem 4.5. For 1 < n < d — 1 and p > 2{d — l) 2 + 1, we have 

ord w (C abn ) = abP {14})U {n). 
Proof. The theorem follows from the last two theorems and Lemma [4. 2 i □ 

5. Proof of the main theorems 

In this section we prove the main theorems of this paper. 
Firstly we prove Theorem 1 1.71 which says that 

P{i,d},u > (P - 1)H^ >U 
with equality holding at the point d. 
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Proof of Theorem It need only to show this for n < d. The inequality 
follows from the following 

n— 1 , n— 1 , 

£{^}>£{^}. 

1=0 1=0 

Moreover, the equality above holds if n = d, the theorem follows. □ 

Lemma 5.1. The T-adic Newton polygon o/det(l - ^> a s a \B /^[[ir 11 ^ ]]) 

i 

coincides with that o/det(l - * s\B /Z p [[jr' d ^ = ^]]) 
Proof. The lemma follows from the following: 

[ det(l - ^(s\B/Z p [[it^)}}) = det(l - ^ a s a \B /Z p {[ir^h) ]]) 
C°=i 

= Norm(det(l - ^ a s a \B/Z q [[7r^h)}])), 
i i 

where Norm is the norm map from Q q [[n d ^-^ ]] to Qp[[vr d («- 1 ) ]]. □ 

Lemma 5.2. The T-adic Newton polygon of Cf^ u (s,T) b coincides with that 
o/det(l - y a s\B/Z q [[Tr^h)]}). 

Proof. Let Gal(Q g /Q p ) act on Z 9 [[T]][[s]] by fixing s and T, then we have 

C puJ (s,T) = C Lu (s,T) a . 
Therefore the lemma follows from the following 

6-1 6-1 

WCf^Tf =]JC piUif (s,T) 

i=0 i=0 

6-1 

= JJdet(l - y a s\B plu /Z q [[TT^h)]}) = det(l - $> a s\B /Z q [[jr^v ]]). 

i=0 

□ 

Theorem 5.3. The T-adic Newton polygon ofCf tU (s, T) is the lower convex 
closure of the points 

(n, ^ord T (C abn )), n = 0, 1, • • ■ . 

Proof. By Lemma f5.lt we see the T-adic Newton polygon of the power series 

i 

det(l — ^ a s a \B/Z q [[TT d< -i- 1 '> ]]) is the lower convex closure of the points 

(n,ord T C n ), n = 0, 1, • • ■ . 

It is clear that (n,ordT(c n )) is not a vertex of that polygon if a\n. So that 
Newton polygon is the lower convex closure of the points 

(an,ord T (c an )), n = 0, 1, • • • . 
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i 

Hence the T-adic Newton polygon of det(l - V a s\B /Z q [[ir d (<?-i)]]) [ s the 
convex closure of the points 

(n,ord T C on ), n = 0, 1, • ■ ■ . 

By Lemma [5. 2 1 the T-adic Newton polygon of Cf iU (s, T) b is the lower convex 
closure of the points 

(n, ord T C an ), n = 0, 1, • • • , 

hence the closure of the points 

(bn,ord T C abn ), n = 0, l,-- . 

It follows that the T-adic Newton polygon of C/ )U (s, T) is the convex closure 
of the points 

(n, ^oTd T {C a bn)), n = 0, 1, • • • . 
The theorem is proved. □ 

Lemma 5.4. Let f(x) = (x d , 0, 0, • • • ) + (Ax, 0, 0, • • • ), p > 2(d - l) 2 + 1. 

Then 

T - adic NP ofCf, u (s,T) > ord p (q)P {ltd ^ u . 

Proof. By the last theorem, we see that the T-adic Newton polygon of 
Cf tU (s,T) is the convex closure of the points 

(n, ^ord T (C abn )), n = 0, 1, • ■ • . 
The theorem now follows from Theorem 13.41 □ 



Theorem 5.5. Let A(s,T) be a T-adic entrie series in s with unitary con- 
stant term. If ^ \t\ p < 1, then 

t - adic NP of A(s, t)>T- adic NP of A(s, T), 

where NP is the short for Newton polygon. Moreover, the equality holds for 
one t if and only if it holds for all t. 

Proof. The reader may refer [10] and we omit the proof here. □ 

Theorem 5.6. Let f(x) = (x d , 0, 0, • • • ) + (Ax, 0, 0, • • • ), p > 2{d - l) 2 + 1. 

If the equality 

ir m - adic NP of C/ jU (s, ir m ) = ord p (g)P{ M } iU 
holds for one m > 1, then it holds for all m > 1, and we have 

T - adic NP of C />u (s,T) = ord p (q)P {hd}:U . 
Proof. It follows from Lemma 15.41 and the last theorem. □ 
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Theorem 5.7. Let f{x) = (x d , 0, 0, • • • ) + (Ax, 0, 0, • • • ), p > 2(d - l) 2 + 1. 

Then 

7r m - adic NP of C f>u (s, ir m ) = ord p (g)P{ 1)d } jU 

if and only if 

■K m - adic NP of L f:U (s,TT m ) = ord p (q)P{ ljd y tU on [0,p m ~ 1 d]. 

p m ~ 1 d 

Proof. Assume that £/, u (s,7T m ) = (1 — fys). Then 



p m - 1 d 

n 

i=l 

oo oo p m ~ 1 d 



Cf lU (s,Tr m ) = Y[Lf tU (q j s,Tr m ) = ] [ (l-/3iq j s). 

j=0 j=0 i=l 

Therefore the slopes of the g-adic Newton polygon of Cf tU (s,ir m ) are the 
numbers 

j + ord 9 (A), 1 < i < p m_1 Vol(A), j = 0, 1, • • • . 

Since 

w{n + m m ~ l d) = p m - p m ~ x + win), 
then the slopes of P{i t d},u are the numbers 

j(p m -p m - 1 ) + w(i), l<i<p m - 1 d,j = 0,l,-- - . 
It follows that 

7r m - adic NP of C/, u (s, vr m ) = ord p (g)P{ M } >u 

if and only if 

7r m - adic NP of Lf jU (s, 7r m ) = ordp(g)P{ 1)d } jU on [0,p m_1 d]. 



□ 



We now prove Theorems ll.8[ 11.91 and 11.101 By the above theorems, it 
suffices to prove the following. 

Theorem 5.8. Let f(x) = (x d , 0, 0, • • • ) + (Ax, 0, 0, • • • ), p > 2(d - l) 2 + 1. 

Then 

7ri - adic NP o/L/ )U (s,7ri) = ord p (g)P {l d } iU on [0,d] 
if and only if F((oi) <i<d) / 0. 

Proof. By a result of Liu [7], the g-adic Newton polygon of Lf iU (s,iri) co- 
incides with -ffp 1 ^ u at the point d. By Theorem I1.7) P{i.d}, u coincide with 
ip — 1)H<q j u at the point d, It follows that the 7Ti-adic Newton polygon of 
Lf, u (s, t^i) coincides with ord p (q)p/\ at the point d. Therefore it suffices to 
show that 

7ri - adic NP of L/ )U (s,7Ti) = ord p (g)P{ M } iU on [0, d - 1] 
if and only if H((a u ) ue A) °- 
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From the identity 

oo 

C/ )U (s,7Ti) = Y\ Lf. a {q ] S,Tll), 
j=0 

and the fact the g-adic orders of the reciprocal roots of Lf jU (s,iri) are no 
greater than 1, we infer that 

7Ti — adic NP of Lj >M (s, 7Ti) = m — adic NP of C/ |U (s, tti) on [0, d — 1]. 

Therefore it suffices to show that 

7Ti - adic NP of C/, u (s, 7ri) = ord p (<?)-P{i,d}, u on [0, d - 1] 

if and only if H((a,i)o<i<d) ^ 0. The theorem now follows from the T-adic 
Dwork trace formula and Theorems 14.51 □ 
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